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Abstract. The canonical connection on a Riemannian almost product
manifold is an analogue to the Hermitian connection on an almost Her-
mitian manifold. In this paper we consider the canonical connection on
a class of Riemannian almost product manifolds with non-integrable
almost product structure.
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1. Introduction
On an Hermitian manifold (M,J, g) there exists an unique linear connection
D with a torsion T such that DJ = Dg = 0 and T (x, Jy) = T (Jx, y) for all
vector fields x, y on M . This is the Hermitian connection of the manifold ([1,
2, 3]). The group of the conformal transformations of the metric g generates
the conformal group of the transformations of D.
Analogously to the Hermitian connection on an almost Hermitian manifold,
V. Mihova in [4] define on a Riemannian almost product manifold (M,P, g)
a natural connection ∇′ (i.e. ∇′P = ∇′g = 0) with torsion T satisfying
T (x, y, z) + T (y, z, x) + T (Px, y, Pz) + T (y, Pz, Px) = 0. This connection is
called canonical and it is proved that it is unique on (M,P, g).
The systematic development of the theory of Riemannian almost product
manifolds was started by K. Yano [5]. In [6] A. M. Naveira gives a classifi-
cation of these manifolds with respect to the covariant differentiation of the
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almost product structure. Having in mind the results in [6], M. Staikova and
K. Gribachev give in [7] a classification of the Riemannian almost product
manifolds (M,P, g) with trP = 0. The intersection of the basic classes in this
classification is the class W0 of the Riemannian P -manifolds determined by
∇P = 0, where ∇ is the Levi-Civita connection.
In the present work we consider the canonical connection on the manifolds
of the class W3 from the Staikova-Gribachev classification which we called
Riemannian almost product W3-manifolds. The class W3 is the only basic
class where any manifold (M,P, g) /∈ W0 has a non-integrable almost product
structure P . This class is an object of interest in [8].
In Section 2 we give some necessary facts about the class W3. We introduce
the notion of a Riemannian P -tensor L which is curvature-like and has the
property L(x, y, Pz, Pw) = L(x, y, z, w). This tensor is an analogue of the
Ka¨hler tensor in Hermitian geometry.
In Section 3 we recall facts about the natural connections (i.e. the connec-
tions preserving P and g) with torsion on Riemannian almost product mani-
folds (M,P, g). We find conditions for the torsion of such a connection when
(M,P, g) is a Riemannian almost product W3-manifold.
In Section 4 we consider the canonical connection∇′ on a Riemannian almost
productW3-manifold (M,P, g). We find properties of the torsion of∇
′ as well
as the exact expression of ∇′. Let us point out the result in Theorem 4.3,
where the tensor norm ‖∇P‖2 is given in terms of the scalar curvatures of ∇
and ∇′. Due to the definitness of the metric g, the important Corollary 4.4
is obtained.
In Section 5 we establish properties of a Riemannian almost product W3-
manifold for which the curvature tensor of the canonical connection is a
Riemannian P -tensor.
In Section 6 we study the case of canonical connection∇′ with parallel torsion
T on a Riemannian almost product W3-manifold. The relation between the
curvature tensors of ∇ and ∇′ is found. An important result is given in
Theorem 6.4, where we prove that a necessary condition for the curvature
tensor of ∇′ to be a Riemannian P -tensor is the parallelism of the torsion T
with respect to ∇′.
In Section 7 we consider a 4-dimensional Riemannian almost product W3-
manifold (G,P, g), where G is a Lie group. The properties of Riemannian
almost product manifolds (G,P, g) are expressed in terms of the commu-
tators in the corresponding Lie algebra. At first, we find some geometrical
characteristics of the manifold (G,P, g). After that, we interpret theoretical
results obtained in this paper in accordance with the canonical connection
on (G,P, g).
Canonical Connection on a Class of Riemannian Manifolds 3
2. Riemannian almost product W3-manifolds
Let (M,P, g) be a Riemannian almost product manifold, i.e. a differentiable
manifold M with a tensor field P of type (1, 1) and a Riemannian metric g
such that
P 2x = x, g(Px, Py) = g(x, y) (2.1)
for arbitrary x, y of the algebra X(M) of the smooth vector fields on M .
Obviously g(Px, y) = g(x, Py).
Further x, y, z, w will stand for arbitrary elements of X(M) or vectors in the
tangent space TpM at p ∈M .
In this work we consider Riemannian almost product manifolds with trP = 0.
In this case (M,P, g) is an even-dimensional manifold. If dimM = 2n then
the associated metric g˜ of g, determined by g˜(x, y) = g(x, Py), is an indefinite
metric of signature (n, n). Since g˜(Px, Py) = g˜(x, y), the manifold (M,P, g˜)
is a pseudo-Riemannian almost product manifold.
The classification in [7] of Riemannian almost product manifolds with trP = 0
is made with respect to the tensor F of type (0,3), defined by
F (x, y, z) = g ((∇xP ) y, z) , (2.2)
where ∇ is the Levi-Civita connection of g. The tensor F has the following
properties:
F (x, y, z) = F (x, z, y) = −F (x, Py, Pz), F (x, y, Pz) = −F (x, Py, z). (2.3)
The basic classes of the classification in [7] are W1, W2 and W3. Their in-
tersection is the class W0 of the Riemannian P -manifolds, determined by
the condition F = 0 or equivalently ∇P = 0. In the classification there are
include the classesW1⊕W2,W1⊕W3,W2⊕W3 and the classW1⊕W2⊕W3
of all Riemannian almost product manifolds.
In the present work we consider the manifolds from the class W3. This class
is determined by the condition
S
x,y,z
F (x, y, z) = 0, (2.4)
where Sx,y,z is the cyclic sum by x, y, z. This is the only class of the basic
classesW1,W2 andW3, where each manifold (which is not a Riemannian P -
manifold) has a nonintegrable almost product structure P , i.e. the Nijenhuis
tensor N , determined by
N(x, y) = (∇xP )Py − (∇yP )Px+ (∇PxP ) y − (∇PyP )x,
is non-zero.
In [7] it is introduced an associated tensor N∗ by
N∗(x, y) = (∇xP )Py + (∇PxP ) y + (∇yP )Px+ (∇PyP )x.
It is proved that the condition (2.4) is equivalent to N∗(x, y) = 0.
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Further, manifolds of the class W3 we call Riemannian almost product W3-
manifolds.
As it is known the curvature tensor R of a Riemannian manifold with metric g
is determined by R(x, y)z = ∇x∇yz−∇y∇xz−∇[x,y]z and the corresponding
(0, 4)-tensor is defined as follows R(x, y, z, w) = g(R(x, y)z, w).
Let (M,P, g) be a Riemannian almost product manifold and {ei} be a basis
of TpM . Let the components of the inverse matrix of g with respect to {ei}
be gij . Then the quantities ρ and τ , determined by ρ(y, z) = gijR(ei, y, z, ej)
and τ = gijρ(ei, ej), are the Ricci tensor and the scalar curvature for ∇,
respectively.
The square norm of ∇P is defined by
‖∇P‖
2
= gijgksg
(
(∇eiP ) ek,
(
∇ejP
)
es
)
. (2.5)
Obviously ‖∇P‖2 = 0 if and only if (M,P, g) is a Riemannian P -manifold.
A tensor L of type (0,4) with properties
L(x, y, z, w) = −L(y, x, z, w) = −L(x, y, w, z), (2.6)
S
x,y,z
L(x, y, z, w) = 0 (the first Bianchi identity), (2.7)
L(x, y, Pz, Pw) = L(x, y, z, w), (2.8)
is called a Riemannian P -tensor.
3. Natural connection on Riemannian almost product
manifolds
The linear connections in our investigations have a torsion.
Let ∇′ be a linear connection determined by ∇′xy = ∇xy + Q(x, y), where
Q is a (1,2)-tensor. The torsion (1,2)-tensor T is determined by T (x, y) =
∇′xy −∇
′
yx− [x, y]. The corresponding (0,3)-tensors are defined by
Q(x, y, z) = g(Q(x, y), z), T (x, y, z) = g(T (x, y), z). (3.1)
The symmetry of the Levi-Civita connection implies
T (x, y) = Q(x, y)−Q(y, x), (3.2)
T (x, y) = −T (y, x).
A partial decomposition of the space T of the torsion tensors T of type (0,3)
is valid on a Riemannian almost product manifold (M,P, g): T = T1 ⊕ T2 ⊕
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T3 ⊕ T4, where Ti (i = 1, 2, 3, 4) are invariant orthogonal subspaces [4]. For
the projection operators pi of T in Ti is established:
p1(x, y, z) =
1
8
{
2T (x, y, z)− T (y, z, x)− T (z, x, y)− T (Pz, x, Py)
+ T (Py, z, Px) + T (z, Px, Py)− 2T (Px, Py, z)
+ T (Py, Pz, x) + T (Pz, Px, y)− T (y, Pz, Px)
}
,
p2(x, y, z) =
1
8
{
2T (x, y, z) + T (y, z, x) + T (z, x, y) + T (Pz, x, Py)
− T (Py, z, Px)− T (z, Px, Py)− 2T (Px, Py, z)
− T (Py, Pz, x)− T (Pz, Px, y) + T (y, Pz, Px)
}
,
p3(x, y, z) =
1
4
{
T (x, y, z) + T (Px, Py, z)− T (Px, y, Pz)
−T (x, Py, Pz)
}
,
p4(x, y, z) =
1
4
{
T (x, y, z) + T (Px, Py, z) + T (Px, y, Pz)
+T (x, Py, Pz)
}
.
Definition 3.1 ([4]). A linear connection ∇′ on a Riemannian almost product
manifold (M,P, g) is called a natural connection if ∇′P = ∇′g = 0 (or equi-
valently ∇′g = ∇′g˜ = 0).
If ∇′ is a linear connection with a (0,3)-tensor Q on a Riemannian almost
product manifold, then it is a natural connection if and only if the following
conditions are valid [4]:
F (x, y, z) = Q(x, y, Pz)−Q(x, Py, z), (3.3)
Q(x, y, z) = −Q(x, z, y). (3.4)
Let Φ be the (0,3)-tensor determined by
Φ(x, y, z) = g
(
∇˜xy −∇xy, z
)
,
where ∇˜ is the Levi-Civita connection of the associated metric g˜.
Theorem 3.2 ([4]). A linear connection with the torsion T on a Riemannian
almost product manifold (M,P, g) is natural if and only if
4p1(x, y, z) = −Φ(x, y, z) + Φ(y, z, x)− Φ(x, Py, Pz)
− Φ(y, Pz, Px) + 2Φ(z, Px, Py),
(3.5)
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4p3(x, y, z) = −g(N(x, y), z) = −2 {Φ(z, Px, Py) + Φ(z, x, y)} . (3.6)
Proposition 3.3. For the torsion T of a natural connection on a Riemannian
almost product W3-manifold (M,P, g) /∈ W0, the following properties are
valid
p1 = 0, p3 6= 0.
Proof. In [7] it is proved that the both basic tensors F and Φ on a Riemannian
almost product manifold (M,P, g) are related as follows:
Φ(x, y, z) =
1
2
{−F (Pz, x, y) + F (x, y, Pz) + F (y, Pz, x)}. (3.7)
If (M,P, g) is a Riemannian almost product W3-manifold then (2.3), (2.4)
and (3.7) imply
Φ(x, y, z) = −F (Pz, x, y). (3.8)
From equalities (3.8), (3.5), (2.3), (2.4) we get p1 = 0. Since N 6= 0 for a
Riemannian almost product W3-manifold (M,P, g) /∈ W0, then (3.6) implies
p3 6= 0. 
4. Canonical connection on Riemannian almost product
W3-manifolds
Definition 4.1 ([4]). A natural connection with torsion T on a Riemannian
almost product manifold (M,P, g) is called a canonical connection if
T (x, y, z) + T (y, z, x) + T (Px, y, Pz) + T (y, Pz, Px) = 0. (4.1)
In [4] it is shown that (4.1) is equivalent to the condition
p2 = p4 = 0, (4.2)
i.e. to the condition T ∈ T1 ⊕ T3. The same paper shows that on every Rie-
mannian almost product manifold (M,P, g) there exists an unique canonical
connection ∇′, and it is determined by
g(∇′xy, z) = g(∇xy, z) +
1
4
{Φ(x, y, z)− 2Φ(z, x, y)− Φ(x, Py, Pz)} . (4.3)
For the torsion T of this connection it is valid
T (x, y, z) =
1
4
{
Φ(y, z, x)− Φ(z, x, y)
+ Φ(y, Pz, Px) + Φ(Pz, x, Py)
}
.
(4.4)
Proposition 4.2. Let T be the torsion of the canonical connection ∇′ on a
Riemannian almost product W3-manifold (M,P, g). Then T has the proper-
ties
T (Px, y) = −PT (x, y), (4.5)
T (Px, y, z) = T (x, Py, z) = −T (x, y, Pz), (4.6)
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T
(
T (Px, Py), z, w
)
= T
(
T (Px, y), z, Pw
)
= T
(
T (x, Py), z, Pw
)
= T
(
T (x, y), z, w
)
,
(4.7)
T = p3, i.e. T ∈ T3 (4.8)
and ∇′ is determined by
∇′xy = ∇xy +
1
4
{− (∇yP )Px+ (∇PyP )x− 2 (∇xP )Py} . (4.9)
Proof. By virtue of (4.4), (3.8), (2.3) and (2.4) we obtain (4.5). Then, (4.5),
(3.1) and (2.1) imply (4.6) and (4.7). From Proposition 3.3 and condition
(4.2) we obtain immediately (4.8). Equalities (3.8) and (4.3) imply (4.9). 
Let ∇′ be the canonical connection on a Riemannian almost product W3-
manifold (M,P, g). According to (4.9), for the tensor Q and the torsion T of
∇′ we have
Q(x, y) =
1
4
{− (∇yP )Px+ (∇PyP )x− 2 (∇xP )Py} , (4.10)
T (x, y) = −
1
2
{(∇xP )Py + (∇PxP ) y} . (4.11)
Hence, having in mind (4.11), (2.2) and (3.1), we obtain
T (x, y, z) = −
1
2
{F (x, Py, z) + F (Px, y, z)} . (4.12)
Substituting y ↔ z into the above, according to (2.3), we get
T (x, z, y) =
1
2
{F (x, Py, z)− F (Px, y, z)} . (4.13)
Subtracting (4.13) from (4.12) and replacing y with Py in the result, we have
F (x, y, z) = T (x, z, Py)− T (x, Py, z). (4.14)
Equalities (4.10), (3.1) and (2.2) imply
Q(x, y, z) = −
1
4
{F (y, Px, z)− F (Py, x, z) + 2F (x, Py, z)} . (4.15)
Hence, because of (2.3) and (2.4), we conclude that
Q(x, y, z) = −Q(y, x, z)− F (Pz, x, y). (4.16)
Theorem 4.3. Let τ ′ and τ be the scalar curvatures for the canonical con-
nection ∇′ and the Levi-Civita connection ∇, respectively, on a Riemannian
almost product W3-manifold (M,P, g). Then
‖∇P‖2 = 8(τ ′ − τ). (4.17)
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Proof. According to (2.1) and (2.3), for a Riemannian almost product man-
ifold we have gijF (Pz, ei, ej) = 0. Then, from (4.16), after contraction by
x = ei, y = ej , we obtain
gijQ(ei, ej, z) = 0. (4.18)
Because of ∇gij = 0 and (4.18), we get
gij (∇xQ) (ei, ej , z) = 0. (4.19)
It is known that for the curvature tensors R′ and R of ∇′ and ∇, respectively,
the following is valid:
R′(x, y, z, w) = R(x, y, z, w) + (∇xQ) (y, z, w)− (∇yQ) (x, z, w)
+Q
(
x,Q(y, z), w
)
−Q
(
y,Q(x, z), w
)
.
Then from (3.4) and (3.1) it follows that
R′(x, y, z, w) = R(x, y, z, w) + (∇xQ) (y, z, w)− (∇yQ) (x, z, w)
− g
(
Q(x,w), Q(y, z)
)
+ g
(
Q(y, w), Q(x, z)
) (4.20)
for a Riemannian almost product manifold (M,P, g). Using a contraction by
x = ei, w = ej in (4.20) and combining (3.4), (4.18) and (4.19), we find that
the Ricci tensors ρ′ and ρ for ∇′ and ∇ satisfy
ρ′(y, z) = ρ(y, z) + gij (∇eiQ) (y, z, ej) + g
ijg
(
Q(y, ej), Q(ei, z)
)
. (4.21)
Similarly, after a contraction by y = ek, z = es in (4.21) and according to
(4.19), we obtain
τ ′ = τ + gijgksg
(
Q(ek, ej), Q(ei, es)
)
(4.22)
for the scalar curvatures τ ′ and τ for ∇′ and ∇.
The equalities (4.22) and (4.10) imply on a RiemannianW3-manifold (M,P, g)
the following equality
gijgksg
(
Q(ek, ej), Q(ei, es)
)
=
1
16
gijgksg(Ajk, Asi) (4.23)
where
Ajk = −
(
∇ejP
)
Pek +
(
∇PejP
)
ek − 2 (∇ekP )Pej.
From (4.23), (2.1) and (2.5) we get
gijgksg
(
Q(ek, ej), Q(ei, es)
)
=
1
8
‖∇P‖
2
.
The last equality and (4.22) imply (4.17). 
Corollary 4.4. A Riemannian almost product W3-manifold is a Riemannian
P -manifold if and only if the scalar curvatures for the canonical connection
and the Levi-Civita connection are equal.
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5. Canonical connection on a Riemannian almost product
W3-manifold whose curvature tensor is a Riemannian
P -tensor
It is known ([9]) that for every linear connection∇′ on a Riemannian manifold
(M, g) with a torsion T and a curvature tensor R′ the following equality (the
first Bianchi identity) is valid
S
x,y,z
R′(x, y)z = S
x,y,z
{
(∇′xT ) (y, z) + T (T (x, y), z)
}
.
Let ∇′ is a natural connection on a Riemannian almost product manifold
(M,P, g). Then the latter equality and ∇′g = 0 imply
S
x,y,z
R′(x, y, z, w) = S
x,y,z
{
(∇′xT ) (y, z, w) + T (T (x, y), z, w)
}
. (5.1)
For the curvature tensor R′ the condition (2.6) is valid. Then R′ is a Rie-
mannian P -tensor if the conditions (2.7) and (2.8) are satisfy for R′, too.
Since ∇′P = 0 for the natural connection ∇′ then (2.8) is valid. The con-
dition (2.7) for R′ is satisfied according to (5.1) if and only if the following
equality is valid
S
x,y,z
{
(∇′xT ) (y, z, w) + T (T (x, y), z, w)
}
= 0. (5.2)
Now, let us consider the case when (M,P, g) belongs to the class W3.
Proposition 5.1. If the curvature tensor of the canonical connection ∇′ on
a Riemannian almost product W3-manifold (M,P, g) is a Riemannian P -
tensor, then the following identity for the torsion T of ∇′ is valid
T (T (x, y), z, w) = 0. (5.3)
Proof. We substitute Pz for z and Pw for w in (5.2). Hence, according to
(4.6), we obtain
(∇′xT ) (y, z, w)−
(
∇′yT
)
(z, x, w) + (∇′PzT ) (x, y, Pw)
+ T (T (x, y), z, w) + T (T (y, Pz), x, w) + T (T (Pz, x), y, Pw) = 0.
We add the last equality to (5.2), and substitute Px for x and Pw for w in
the result. Then, using (4.6), we get
(∇′zT ) (x, y, z)− (∇
′
PzT ) (x, Py, w)
+ 2T (T (y, z), x, w) + 2T (T (z, x), y, w) = 0.
(5.4)
In the latter equality we substitute Py, Pz for y, z, respectively, and we
apply Proposition 4.2. We add the obtained equality to (5.4) and this leads
to (5.3). 
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Let the curvature tensor of the canonical connection on a Riemannian almost
productW3-manifold (M,P, g) is a Riemannian P -tensor. Then (5.3) is valid.
According to (5.3), (4.14) and the properties of T from Proposition 4.2, we
get
F (Py,w, T (z, x)) = −T (y, w, T (z, x)).
Then, using (2.2) and (3.1) we obtain
g
(
T (x, z), T (y, w) + (∇PyP )w
)
= 0. (5.5)
Since, according to (4.11), we have
T (y, w) = −
1
2
{
(∇yP )Pw + (∇PyP )w
}
and therefore the following equality is valid
T (y, w) + (∇PyP )w = −
1
2
{
(∇yP )Pw − (∇PyP )w
}
.
By virtue of the latter two equalities and (5.5), we arrive at the following
Theorem 5.2. If the curvature tensor of the canonical connection ∇′ on a Rie-
mannian almost product W3-manifold (M,P, g) is a Riemannian P -tensor,
then the following identity for the torsion T of ∇′ is valid
g
(
(∇xP )Pz + (∇PxP ) z, (∇PyP )w − (∇yP )Pw
)
= 0.
6. Canonical connection with parallel torsion on a Riemannian
almost product W3-manifold
In this section we consider a canonical connection ∇′ with parallel torsion
T with respect to ∇′ (i.e. ∇′T = 0) on a Riemannian almost product W3-
manifold (M,P, g).
According to the Hayden theorem ([10]) for any natural connection we have
Q(x, y, z) =
1
2
{
T (x, y, z)− T (y, z, x) + T (z, x, y)
}
. (6.1)
Combining this with (3.2), (3.3), (4.15), leads to the following
Proposition 6.1. Let ∇′ be a natural connection on a Riemannian almost
product W3-manifold (M,P, g). Then the tensors T , Q and F are parallel or
non-parallel at the same time with respect to ∇′.
Let ∇′ be a natural connection with parallel torsion T on a Riemannian
almost product manifold (M,P, g). According to (6.1) we have ∇′Q = 0.
Then, having in mind the formula for the covariant derivative of Q, we obtain
xQ(y, z, w)−Q(∇′xy, z, w)−Q(y,∇
′
xz, w)−Q(y, z,∇
′
xw) = 0.
Applying the formula for the covariant derivative of Q with respect to ∇ and
equalities (3.1), (3.2) and (4.20), we obtain the following
Canonical Connection on a Class of Riemannian Manifolds 11
Lemma 6.2. Let the canonical connection ∇′ on a Riemannian almost product
manifold (M,P, g) have a parallel torsion T . Then for the curvature tensor
R′ of ∇′ is valid
R′(x, y, z, w) = R(x, y, z, w) +Q(T (x, y), z, w)
+ g(Q(y, z), Q(x,w))− g(Q(x, z), Q(y, w)).
Let (M,P, g) be a Riemannian almost productW3-manifold whose canonical
connection ∇′ has a parallel torsion T . Then, according to (3.4), (4.16) and
(2.2), we have
Q(T (x, y), z, w) = g(Q(z, w), T (x, y))− g((∇PwP ) z, T (x, y)).
The last equality and Lemma 6.2 imply the following statement.
Proposition 6.3. Let the canonical connection ∇′ on a Riemannian almost
product W3-manifold (M,P, g) have a parallel torsion T . Then for the cur-
vature tensor R′ of ∇′ is valid
R′(x, y, z, w) = R(x, y, z, w)
+ g(Q(y, z), Q(x,w))− g(Q(x, z), Q(y, w))
+ g(Q(z, w), T (x, y))− g((∇PwP ) z, T (x, y)).
Theorem 6.4. Let the canonical connection ∇′ on a Riemannian almost prod-
uct W3-manifold (M,P, g) have a parallel torsion T . Then the curvature ten-
sor R′ of ∇′ is a Riemannian P -tensor.
Proof. Let the canonical connection ∇′ on a Riemannian almost productW3-
manifold (M,P, g) have a parallel torsion T , i.e. ∇′T = 0. Then from (5.1)
we have
R′(x, y, z, w) +R′(y, z, x, w) +R′(z, x, y, w)
= T (T (x, y), z, w) + T (T (y, z), x, w) + T (T (z, x), y, w).
(6.2)
We substitute z → Pz and w→ Pw in (6.2). After that, using property (2.8)
for R′ and the properties of T from Proposition 4.2, we obtain
R′(x, y, z, w) +R′(y, Pz, Px,w) +R′(Pz, x, Py, w)
= −T (T (x, y), z, w) + T (T (y, z), x, w) + T (T (z, x), y, w).
We subtract the latter equality from (6.2) and get
R′(z, x, y, w) +R′(y, z, x, w)−R′(Pz, x, Py, w)−R′(y, Pz, Px,w)
= 2T (T (x, y), z, w).
(6.3)
Bearing in mind the properties of R′ and T , from (6.3) we obtain
R′(z, x, y, w)−R′(z, Px, Py, w)−R′(Pz, x, Py, w) +R′(Pz, Px, y, w) = 0,
R′(z, x, y, w)−R′(z, Px, Py, w)−R′(Pz, Px, y, w) +R′(Pz, x, Py, w) = 0,
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which give
R′(z, x, y, w) = R′(z, Px, Py, w). (6.4)
Equality (6.4) implies
R′(z, x, y, w) = R′(Pz, Px, y, w) = R′(Pz, x, Py, w). (6.5)
Applying (6.4) and (6.5) in (6.3), we obtain (5.3). Then from (6.2) it follows
condition (2.7) for R′, i.e. R′ is a Riemannian P -tensor. 
7. Example
7.1. A Lie group G as a Riemannian almost product W3-manifold (G,P, g)
Let G be a 4-dimensional real connected Lie group and g be its Lie algebra
with a basis {X1, X2, X3, X4}.
We introduce a structure P and left invariant metric g as follows
PX1 = X3, PX2 = X4, PX3 = X1, PX4 = X2, (7.1)
g(Xi, Xj) =
{
1, i = j;
0, i 6= j.
(7.2)
Obviously, P 2Xi = Xi, g(PXi, PXj) = g(Xi, Xj) and then (G,P, g) is a
Riemannian almost product manifold with trP = 0.
Theorem 7.1. If (G,P, g) has a Killing associated metric g˜, i.e.
g ([Xi, Xj ], PXk) + g ([Xi, Xk], PXj) = 0, (7.3)
then (G,P, g) is a Riemannian almost product W3-manifold.
Proof. The well-known formula
2g
(
∇XiXj , Xk
)
= Xig (Xj, Xk) +Xjg (Xi, Xk)−Xkg (Xi, Xj)
+ g ([Xi, Xj ], Xk) + g ([Xk, Xi], Xj) + g ([Xk, Xj ], Xi)
and (7.2) imply
2g
(
∇XiXj , Xk
)
= g ([Xi, Xj], Xk) + g ([Xk, Xi], Xj)
+ g ([Xk, Xj ], Xi) .
(7.4)
Since (7.3) the following equalities are valid
g ([Xk, Xi], Xj) = g (P [Xi, PXj], Xk) ,
g ([Xk, Xj ], Xi) = −g (P [PXi, Xj ], Xk) .
Then from (7.4) we get
∇XiXj =
1
2
{[Xi, Xj] + P [Xi, PXj ]− P [PXi, Xj ]} , (7.5)
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which implies
(∇XiP )Xj =
1
2
{[PXi, Xj ]− P [PXi, PXj]} . (7.6)
Hence, according to (2.2), we obtain
F (Xi, Xj, Xk) =
1
2
{
g
(
[PXi, Xj ], Xk
)
+ g
(
[PXi, Xk], Xj
)}
. (7.7)
Equality (7.7) implies S
i,j,k
F (Xi, Xj, Xk) = 0. Therefore, (G,P, g) is a Rie-
mannian almost product W3-manifold. 
Let (G,P, g) have a Killing associated metric g˜. Then, according to Theo-
rem 7.1, the manifold (G,P, g) is a Riemannian almost productW3-manifold.
Applying condition (7.3) and the Jacobi identity for the commutators [Xi, Xj ],
we obtain
[X1, X2] = λ1X1 + λ2X2, [X1, X3] = λ3X2 − λ1X4,
[X1, X4] = −λ3X1 − λ2X4, [X2, X3] = λ4X2 + λ1X3,
[X2, X4] = −λ4X1 + λ2X3, [X3, X4] = λ3X3 + λ4X4,
(7.8)
where λi ∈ R (i = 1, 2, 3, 4).
Vice verse, if equalities (7.8) are valid for a Riemannian almost product man-
ifold (G,P, g), then we verify directly that the Jacobi identity for the com-
mutators [Xi, Xj ] is satisfied and the associated metric g˜ is Killing.
Hence, it is valid the following
Theorem 7.2. The manifold (G,P, g) is a Riemannian almost product W3-
manifold with a Killing associated metric g˜ if and only if the Lie algebra g is
determined by conditions (7.8).
Further, (G,P, g) will stand for the Riemannian almost productW3-manifold
determined by conditions (7.8).
7.2. Some geometrical characteristics of the manifold (G,P, g)
According to (7.7), (7.1), (7.2) and (7.8), we get the non-zero components
Fijk = F (Xi, Xj, Xk) of the tensor F :
2F114 = −2F123 = 2F312 = −2F334 = −F411 = F433 = λ1,
−2F223 = 2F241 = F322 = −F344 = −2F412 = 2F434 = λ2,
−2F112 = 2F134 = F211 = −F233 = −2F314 = 2F332 = λ3,
−F122 = F144 = 2F221 = −2F234 = −2F414 = 2F432 = λ4.
(7.9)
The rest of the non-zero components are obtained by the property Fijk =
Fikj .
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By virtue of (7.6) and (7.8) we compute the components of ∇P :
2 (∇X1P )X1 = −2 (∇X3P )X3 = −λ3X2 + λ1X4,
2 (∇X2P )X2 = −2 (∇X4P )X4 = λ4X1 − λ2X3,
2 (∇X1P )X3 = −2 (∇X3P )X1 = −λ1X2 + λ3X4,
2 (∇X2P )X4 = −2 (∇X4P )X2 = λ2X1 − λ4X3,
2 (∇X1P )X2 = −λ3X1 − 2λ4X2 − λ1X3,
2 (∇X1P )X4 = λ1X1 + λ3X3 + 2λ4X4,
2 (∇X2P )X1 = 2λ3X1 + λ4X2 + λ2X4,
2 (∇X2P )X3 = −λ2X2 − 2λ3X3 − λ4X4,
2 (∇X3P )X2 = λ1X1 + 2λ2X2 + λ3X3,
2 (∇X3P )X4 = −λ3X1 − λ1X3 − 2λ2X4,
2 (∇X4P )X1 = −2λ1X1 − λ2X2 − λ4X4,
2 (∇X4P )X3 = λ4X2 + 2λ1X3 + λ2X4.
(7.10)
Using these components and (2.5), we obtain the square norm of ∇P :
‖∇P‖
2
= 4
(
λ21 + λ
2
2 + λ
2
3 + λ
2
4
)
. (7.11)
The components of the Levi-Civita connection ∇ we compute by (7.5) and
(7.8):
∇X1X1 = −∇X3X3 = −λ1X2 + λ3X4,
∇X2X2 = −∇X4X4 = λ2X1 − λ4X3,
2∇X1X3 = −2∇X3X1 = λ3X2 − λ1X4,
2∇X2X4 = −2∇X4X2 = −λ4X1 + λ2X3,
2∇X1X2 = 2λ1X1 − λ3X3 + λ4X4,
2∇X1X4 = −2λ3X1 − λ4X2 + λ1X3,
2∇X2X1 = −2λ2X2 − λ3X3 + λ4X4,
2∇X2X3 = λ3X1 + 2λ4X2 − λ2X4,
2∇X3X2 = λ3X1 − 2λ1X3 − λ2X4,
2∇X3X4 = −λ1X1 + λ2X2 + 2λ3X3,
2∇X4X1 = −λ4X2 + λ1X3 + 2λ2X4,
2∇X4X3 = −λ1X1 + λ2X2 − 2λ4X4.
(7.12)
By virtue of (7.12) and (7.8), from the formula
R(Xi, Xj , Xk, Xs) = g
(
∇Xi∇XjXk, Xs
)
− g
(
∇Xj∇XiXk, Xs
)
− g
(
∇[Xi,Xj ]Xk, Xs
)
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we get the following non-zero components Rijks = R(Xi, Xj , Xk, Xs) of the
tensor R:
R1234 = λ
2
1 + λ
2
2,
R1331 =
1
4
(
λ23 + λ
2
1
)
, R2442 =
1
4
(
λ24 + λ
2
2
)
,
R1441 =
1
4
(
λ24 + λ
2
1 − 4λ
2
3 − 4λ
2
2
)
,
R2332 =
1
4
(
λ23 + λ
2
2 − 4λ
2
4 − 4λ
2
1
)
,
R3443 =
1
4
(
λ21 + λ
2
2 − 4λ
2
3 − 4λ
2
4
)
,
R1221 =
1
4
(
λ23 + λ
2
4 − 4λ
2
1 − 4λ
2
2
)
,
R1241 = R3243 =
1
4 (4λ2λ4 + 3λ1λ3) ,
R2132 = R4134 =
1
4 (4λ1λ3 + 3λ2λ4) ,
R1231 = R4234 =
1
4 (3λ1λ4 − 2λ2λ3) ,
R2142 = R3143 =
1
4 (3λ2λ3 − 2λ1λ4) ,
R1341 = R2342 =
1
4 (3λ3λ4 − 2λ1λ2) ,
R3123 = R4124 =
1
4 (3λ1λ2 − 2λ3λ4) .
(7.13)
The rest of the non-zero components are obtained by the properties
Rijks = Rksij , Rijks = −Rjiks = −Rijsk.
Using (7.13) for the non-zero components ρij = ρ(Xi, Xj) of the Ricci tensor
ρ we compute:
ρ11 =
1
2
(
−λ23 − λ
2
1 + λ
2
4 − 4λ
2
2
)
, ρ34 =
1
2 (3λ3λ4 − 2λ1λ2) ,
ρ22 =
1
2
(
−λ24 − λ
2
2 + λ
2
3 − 4λ
2
1
)
, ρ14 =
1
2 (3λ2λ3 − 2λ1λ4) ,
ρ33 =
1
2
(
−λ21 + λ
2
2 − λ
2
3 − 4λ
2
4
)
, ρ23 =
1
2 (3λ1λ4 − 2λ2λ3) ,
ρ44 =
1
2
(
−λ22 + λ
2
1 − λ
2
4 − 4λ
2
3
)
, ρ24 =
1
2 (4λ2λ4 + 3λ1λ3) ,
ρ12 =
1
2 (−3λ1λ2 + 2λ3λ4) , ρ13 =
1
2 (4λ1λ3 + 3λ2λ4) .
(7.14)
The rest of the non-zero components are obtained by the property ρij = ρji.
By (7.14) we obtain the scalar curvature τ for the connection ∇:
τ = −
5
2
(
λ21 + λ
2
2 + λ
2
3 + λ
2
4
)
. (7.15)
For the Riemannian sectional curvatures of the P -invariant basis 2-planes
(X1, X3) and (X2, X4), i.e. for the invariant sectional curvatures of the basis
2-planes, we get
k13 =
1
4
(
λ21 + λ
2
3
)
, k24 =
1
4
(
λ22 + λ
2
4
)
. (7.16)
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The sectional curvatures of the rest of the basis 2-planes, i.e. the anti-invariant
sectional curvatures of the basis 2-planes, are:
k12 =
1
4
(
λ23 + λ
2
4 − 4λ
2
1 − 4λ
2
2
)
,
k14 =
1
4
(
λ21 + λ
2
4 − 4λ
2
3 − 4λ
2
2
)
,
k23 =
1
4
(
λ22 + λ
2
3 − 4λ
2
4 − 4λ
2
1
)
,
k34 =
1
4
(
λ21 + λ
2
2 − 4λ
2
3 − 4λ
2
4
)
.
(7.17)
Conditions (7.16) and (7.17) imply the following
Proposition 7.3. The manifold (G,P, g) has:
(i) a constant invariant sectional curvature if and only if λ21−λ
2
2+λ
2
3−λ
2
4 =
0;
(ii) a constant anti-invariant sectional curvature if and only if λ21 = λ
2
3,
λ22 = λ
2
4;
(iii) a constant sectional curvature if and only if λ21 = λ
2
2 = λ
2
3 = λ
2
4.
According to (7.8), (7.9) and (7.15), it is valid the following
Proposition 7.4. The following propositions are equivalent:
(i) λ1 = λ2 = λ3 = λ4 = 0;
(ii) the Lie algebra g is Abelian, i.e. [Xi, Xj ] = 0 (i, j = 1, 2, 3, 4);
(iii) (G,P, g) is a Riemannian P -manifold, i.e. F = 0;
(iv) (G,P, g) is a scalar flat manifold with respect to ∇, i.e. τ = 0.
7.3. The canonical connection on (G,P, g)
Further in our considerations we exclude the trivial case of Proposition 7.4
for the Riemannian almost product W3-manifold (G,P, g).
By virtue of (4.9), (7.9) and (7.12) for the components of the canonical con-
nection ∇′ on (G,P, g) we obtain:
2∇′X1X1 = −2∇
′
X3
X3 = −λ1X2 + λ3X4,
2∇′X2X2 = −2∇
′
X4
X4 = λ2X1 − λ4X3,
2∇′X1X2 = −2∇
′
X3
X4 = λ1X1 − λ3X3,
2∇′X1X3 = −2∇
′
X3
X1 = λ3X2 − λ1X4,
2∇′X1X4 = −2∇
′
X3
X2 = −λ3X1 + λ1X3,
2∇′X2X1 = −2∇
′
X4
X3 = −λ2X2 + λ4X4,
2∇′X2X3 = −2∇
′
X4
X1 = λ4X2 − λ2X4,
2∇′X2X4 = −2∇
′
X4
X2 = −λ4X1 + λ2X3.
(7.18)
Proposition 7.5. The curvature tensor of the canonical connection on (G,P, g)
is a Riemannian P -tensor if and only if the following conditions are valid:
λ1 = ελ3, λ2 = ελ4, ε = ±1. (7.19)
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Proof. Obviously the curvature tensor R′ of the canonical connection is a
Riemannian P -tensor if and only if property (2.7) is satisfied for R′. Condition
(2.7) for R′ is valid if and only if the following conditions are satisfied:
S
1,2,3
R′123 = S
1,2,4
R′124 = S
1,3,4
R′134 = S
2,3,4
R′234 = 0,
where R′ijk are the components of R
′.
Using (7.18) and (7.8), we obtain:
R′123 = −
1
2
{
(λ1λ3 + λ2λ4)X2 − (λ
2
1 + λ
2
2)X4
}
,
R′231 = −
1
2
{
(λ1λ3 + λ2λ4)X2 + (λ
2
1 + λ
2
4)X4
}
,
R′312 =
1
2 {(λ2λ3 − λ1λ4)X1 + (λ1λ2 − λ3λ4)X3} ,
R′124 =
1
2
{
(λ1λ3 + λ2λ4)X1 − (λ
2
1 + λ
2
2)X3
}
,
R′241 =
1
2 {(λ2λ3 − λ1λ4)X2 − (λ1λ2 − λ3λ4)X4} ,
R′412 = −
1
2
{
(λ1λ3 + λ2λ4)X1 − (λ
2
2 + λ
2
3)X3
}
,
R′134 =
1
2 {(λ3λ4 − λ1λ2)X1 + (λ1λ4 − λ2λ3)X3} ,
R′341 = −
1
2
{
(λ24 − λ
2
3)X2 + (λ2λ4 + λ1λ3)X4
}
,
R′413 = −
1
2
{
(λ22 + λ
2
3)X2 − (λ2λ4 + λ1λ3)X4
}
,
R′234 = −
1
2
{
−(λ21 + λ
2
4)X1 + (λ1λ3 + λ2λ4)X3
}
,
R′342 = −
1
2
{
(λ23 + λ
2
4)X1 − (λ1λ3 + λ2λ4)X3
}
,
R′423 = −
1
2 {(λ3λ4 − λ1λ2)X2 + (λ2λ3 − λ1λ4)X4} .
Hence it follows directly that condition (2.7) is valid for R′ if and only if
(7.19) is satisfied. 
Proposition 7.3 and Proposition 7.5 imply the following
Corollary 7.6. If the curvature tensor of the canonical connection on (G,P, g)
is a Riemannian P -tensor, then (G,P, g) is a manifold of constant anti-
invariant sectional curvature.
Proposition 7.7. The canonical connection on (G,P, g) has a parallel torsion
if and only if the curvature tensor of this connection is a Riemannian P -
tensor.
Proof. By virtue of (4.11) and (7.10) we obtain the non-zero components
Tij = T (Xi, Xj) of the torsion T for the canonical connection ∇
′ on (G,P, g):
T12 = T34 = −
1
2 (λ1X1 + λ2X2 + λ3X3 + λ4X4),
T14 = −T23 =
1
2 (λ3X1 + λ4X2 + λ1X3 + λ2X4).
(7.20)
Obviously, the equality T14 = PT12 is valid. Then, bearing in mind that ∇
′
is a natural connection, we have
(
∇′XiT
)
(X1, X4) = −P
(
∇′XiT
)
(X1, X2).
From the latter condition and (7.20) it is clear that the condition ∇′T12 = 0
is sufficient for the obtaining of the condition ∇′T = 0.
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From (7.20) we compute the following:
(∇′1T )12 = −
1
4
{
(λ1λ2 − λ3λ4)X1 + (λ
2
3 − λ
2
1)X2 + (λ1λ4 − λ2λ3)X3
}
,
(∇′2T )12 = −
1
4
{
(λ22 − λ
2
4)X1 + (λ3λ4 − λ1λ2)X2 + (λ1λ4 − λ2λ3)X4
}
,
(∇′3T )12 = −
1
4
{
(λ2λ3 − λ1λ4)X1 + (λ1λ2 − λ3λ4)X3 + (λ
2
1 − λ
2
3)X4
}
,
(∇′4T )12 = −
1
4
{
(λ2λ3 − λ1λ4)X2 + (λ
2
4 − λ
2
2)X3 + (λ1λ2 − λ3λ4)X4
}
,
where (∇′iT )12 =
(
∇′XiT
)
(X1, X2). Hence ∇
′T12 = 0 if and only if (7.19)
is valid, i.e. if and only if the curvature tensor of ∇′ is a Riemannian P -
tensor. 
From Theorem 4.3, equalities (7.11) and (7.15), we obtain the following
Proposition 7.8. The manifold (G,P, g) has negative scalar curvatures with
respect to the Levi-Civita connection ∇ and the canonical connection ∇′,
namely
τ = −
5
2
(
λ21 + λ
2
2 + λ
2
3 + λ
2
4
)
, τ ′ = −2
(
λ21 + λ
2
2 + λ
2
3 + λ
2
4
)
.
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